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LINEAR TRANSFORMATIONS i
ORTHD GONALITY
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LINEAR TRANSFORMATIONS

- £.p—> & defined oy L’c—m:a

- B RN—>R"™

kerne] : Aree
voartobles
Coaw\| space)

domain odomoin
CCn) = mv\ﬁe_

NCR) = free variables | keenel area

Stretini nﬁ

6210 [



A wmultiple of iolenﬁt? mohix A=cl
every  vector b)j the Ycale facter ¢

A

['ll;o')

N

stretches

* Whole vector gpace eﬁPaMs or (tontmcks
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Rotation
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» Rotate b& Q0° CC N
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3 [:0 \ (*x
A=) L 0O x=Ly Refleckion

ATy

\l
—
RS
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4 A Y
f'lulﬁ)
¢ > > ¢ >
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- Reflection  over %zz C4¢" mirer)
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A= o0 o T = (2 57 Projection
Ax :[ (| © [:7‘ ] - | X
o 0 ] 4 Coj
A r9
‘1“63
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General Mobiix  to Rotate by Anale o

W0 -Sun® (w]
A = Lsin® w04 = n
. 0=0 2 0=T2

ST ERRERRLA APt
!

RULE Of UNEARITY

& transformation T on R is sald to be linear if
TCex+dy) = € TCO + d Tl

- Preserves oriﬁin

?ol‘gf\omiql Space

Space of all polgnomials i t of degree n s a
veckor  ¢pace  denoted ) n

PazCot it + ok ¢ 1ot | € ERY



Basit= (I & « ... V)

Dimension = n+)

Azd i lnear
at

Py — P,

CCAY=all of Py (n-D area)

NCAY= B, (1-D space of all conttante)

t
Q:.f is linear

0
Pa — Posy

L ONCAY E 2



3 Mm\HP(imHaV\ "’J Fixed Pol‘(jnow\(a\
p= BGtur)

A ?n = C’>'HH:) Pf)

Re?reseniahon ?/)[ Po\ﬂnomial Teomtformanne in  Madvix Form

Q1. Construet o walvix assotioted wa¥h  differenhaton of a
po\snomhl
P& - P‘L

Basis (P = (1 ¢t & €)

Basis ()= C1 £ )
%{: () =0 = 0+ olt) + oltd)
d &) =1 = WD +olt) + o(+?)
d ) =2t = oln +2(t) + olt?)

() = 3¢ = oln + old) + 31D
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« 0 O -

! 2 3xYg
+ x|

P = V7- A3t + 178 ¢ 4 {5¢°

G
x:z |-2(3
1.78

s
/, free vacioble (1)

| 0o o ~2Va
d (P = @ o a o = | 3.56
&k o 0 % 3(s

e (e[ ] off] ]
pasis (CCRY) = g [%], I% ] . [%]i

Dim(CCA)) = 3



N(R) = Dim(N(RY) =) a-r = |

o Q0 —

The multiplicaion of +he matvix A by  the pol\anom‘ml Pt)
a(uoa%s \olc!als e Oderivative of 4he Po\xanomm\.

A it called Hre Aifferentiohim  warrin

Q2. lonttruct o mabyix  associated Wit Hae ‘m\'%(‘w\'\'m of a

?o\br\om{ﬂl
P

Bagis (7)) = 11, &,¢%]

Bosis (B) = 11,8, ¢" £33

2
a-.j ot
9

ldb = £ = ol +106) + o+ +0(¢*

bdt = £ - oD+ o) v + 0Lt®)
2 2

]
j



Jt"au: s £ 2 DU OWY+ OLED) + 1 (tY)
3 3

O ©O (o]
A= | 1 0 0
0 Y» o
0 o \/3
%x3
PE)= 3 +u4t -6
A
O © o 2 (0]
\ 0 0 4 < 3
0 Yr o 6 Y
0 0 \Is 2x) -2
§x3 b
o o 0
Cry= Y|t feefo Jta]o | ¢,6,6G er
0 Vo 0
o Y Ys
Basig = o o 0
| \ 0 . 0
0 ‘o 0
o Y Y’.’:

Dim({cCA) =3



0

N(A) = [OAX Om(N(AN = O n-v =9
0

no free  varioble

Note:
D ifferentiorion ¢ {he tefb inverte of im—uaro\-\ior\

Representakion of Trantformations n  Matvix Form

l. Rotation Qe w R

* oAl1L,0) and 0B(0)) are basis vectys

Consider rototion Qg of the basie vectors lmo an angle
B in the W diceckim

let B CLD) ond B(O) be moved +o A’ and B resPecﬁvc\“
* The new basis veetws ave now OB and op

- The coovdinates oF new bages wet old  bages

OBline

v




A = (0A’c0s 6, OA" sin B) B: (08¢ (A0+6) , 08’ em(40+6))

= (@, sm®) = (-smB | w8
wsh -¢wmb invevte of  2x2
&0 - $m O oL motvix A

O\b.‘l:_j_ d—L]
¢ d lat ) ¢ a

(6,1 =

6 & mon-tingular and hence, javertible

r [bose sm0
S -fmf Lo
W [wse -
(QO ) = Lemb ol T+ &9
Rotah on b,[j tame om&\e twice
+ Bg- By
[ W0 -t 9][ ~vm B
tw O twm 9 wWo b
- [wole—si«v»le - AW 0 RO ]
Q ¢4 B Lo 0 Wt -em20



- wH LO —en2Lb "‘9&9
A L6 w16

Rotahnm bd L avﬂ\ex

8e- 84
w9 —we ~
[ twm O ][Hm¢ St]
[ W g ~imOsimg = (MO UWP + (030 sm)
b HmB osg + Lgod tim P W 8 wg — tm O Lung

J [wo(e'r;b) RINCET) ]
Cm (0+§D o (0+9)

* lontider projection of R' onto 0-line

+ Le+ AQL,0) and B(o)) 3e+ pro‘)e&eo\ onbo the Haeta \ine
0s A and B v‘espzchve\n

L
L



A= COR w08 , 0A’sim®) 2= (08’ txb, or'cmp)

= Ln™®, L0 ¥ 0) = (6m6 b | vim?0)
WO

1 0 o0
P-= v 050

b

e[ =0

Pis &iy\&u\ar and non- invertible

™ere & Vo wau +p get mainal coovdinates  fronn
the projecHom Lir\F\'nH—e\g Mmany

Projeckin followed by projedion onte tame Bline
p-P

Let c = 08B
{ ct e ‘( ¢t ce Sz MmO
¢S gt cs s
A AR A c¥e +eed ')
L C% 4+ cs? ere? 4 st
- [e*Cetas®) eg (cr4s? ‘J eteg = |
L 8 (crye®) 8¥(c24¢®

= [c"' ¢S
cSs

s?«



n
P =P n= (,2,5, ...

Pro;\ech'v\a any number  of Hmeg = yrosedivxﬁ once

Tro\v\spose of P
PT=p
e Py = P

Matvix P i snmme’nﬁc_

« Longider reflechoy in R on O-line
« Let A'be the veflechn of A on O line

ek M e the midpoint of AR .Tris 4ne projection of
A on the O-line

’[H"
M
)
—_—
0



(onsider AOAM

DA + AM = OM

Consider AOA’M

og‘3+ "M = OV

w + 2)

——

(@)

R+OP + AN + AW ~ 20M

OR + OR = 20M

T+ HX = ap-x

X(1+ H-1)==% (ar-1)

Deop =
I+ H = 2P
H= 2P -1
H o= ;L): cos?9 050 §vw O
0o tvnl

1=



= [ 2wto-) o0 ¢ B
| L0 emO A& -|
H - [ wo26 20
| W L0 - »HLG
frl= -1
H s r\ov\-sil\gm\mr and .. mverhble

Double Reflechm

© R

(2°-1)(2p-1)
4P - up1 +1*

(4P-up +1Y)

W = 1

"

)



62. Suppose T i +he reflechin  obout  4S° line and Sic the
reflechion aooutr Y owis, Fnd in %enem\ ST and TS

H=[w0LO i 20
tw L0 - L

W (2x4S™)  tim (2x4s”) ]

T=L 8vm(2x¢s®) -oo(2xyg)

wo (2x90°) wcuqo')]
tw (2x90")  -wgo(2x%0%)

$=] -1

[
Ik
-
[
S IR A [ R
AR e B AP

@T)T'—



Q4. Find Hhe matvix of +ae lincar tvantfymaton T on R®
defined vy T(,xlv\hz\:C&ty—i, L-ly , 3D wiek

Gy The standard basic

@Y Te bogic ) (L)1), G1,0) , (10,001
@ T(,0,00 = (o1,

TLO)‘)D) = (7—)"‘4’, 0)

T(0,0,0) = (1,0,0)

o 2 \
T= 1! -4 o
3 o o

@ T(LD = (35-3,30 Wikh  standard  bates

3 ] l } | \
301 = ¢ t Cz,:( ] £ ¢ {o] Vel new
[ 3 [l 0 it 0 " bages

C\"'CQ_"'C'S = 3

c\+C7_-'-3
3
(=3 D [Ge-e oG =6 =[—c)




T (1,0 = (2,-3,3)  with stondard bases

RRIEHESH

CtCy = -3

C‘ 7—3 ':-) C.\_f —Q '-’) C's-" 5

‘l

\
Ny~ W
j IR |

TC1,0,0) = (0,1,3)  wrk standard  bages

o | | { WYvE  new
([ = Gy £ t+ G| ® \ooukis
3 | M) Q

C""C-‘,TC; =0

C\‘\'CQ_ _—,‘

3
C =3 =) |La=72| = [G= 5[—1_}



3 1 3
T= |- L =
¢ s -l

—| NoTE

2 7z
T7é -3 -3 |
KRS 3 new  basic

0 as we did nod charge
} Aaal  coordinates Yo

0s. for each of +the fPllowing LTt T, find e
dimentim  of the rang and kernel of T

\
olumn nul\

M T:R"— & given oy
Tlxy) = (x+y, A-y , yd
an T: R* > gven by

TCX\\Q) = Cta, 0)

0 bages of R*= 1 (o), (o}

bages of R*:= 1 (\,p0,0y, (0,1,0), co,0,N}

boses ond



T(L,oY = (1, \, 0)

T(oN = (1,71 ,1)

_l}] ko Ra Ry [c\) _’2J Ry Rtk

F(T)';'L:n

ol il o]
BRI

Dim(CCTY) =2 D P\ume wm R

0
N(T = |0 . N-r=0
(V)

O(NCTY) =0




@y T(,o) = (0,0)

T(o,0) = (1,0

|=[o (] F(T)-—l n=2

0O ©

clr)= {c_u’], cea}
bogis (CCTY) = {L‘)’]}

Dim(CCTN = |-D line in R*

N(T)= Tx=0

9=0

NCA) = [15] Dim(NCA) =)

NLA) = { LL:)] ) ez}



86. (onthuck o malix thar vandforme (4DY +o (2,6) awnd
0,0 4o (3,4, Ao find 4he walvix  thok helps o (ome

back Yo Hae oviﬁ\'m\ basee Cinverse)

TU)O‘) = L3\5)

T = (Q,8)

T= [3 Q'J o~ Tlh=1ly 2
S 4 2 -5 3

1 [a -
-S> 3
LTt Pind o batic and

87. for eatn of twe Lollowt
dimencion  of Hie rawmaed and \verme| of T
ate S Ny

cem
0y T: R — g* defined by TOYR) = (+y ,Y-2)

0in T: R* — Rb defined bb Ty = ('K*Zvﬂ »A%-Y)
i T,0,0)= (1,0)

T(0,1,0) ~ (14\)

T= [l o ] pivot: 2.
0 -
f(ﬂf—l n=3



e = {c\[(‘)] “L[:J L ¢y¢s € n\)l

Dim LLLTY) = 2
Bagis: i["’] ,[:“H

N(T) = Tx=0

\31..«0 'l'('kAf'O
‘0'-'—1 x<-2
-2 -
N(T) = [z] 3 ﬁzﬂ] lLea.l
2 |
Dim (N(TY) = |

-
2ags (NC) = g [ I ]i
(



f[TT) =2

CUNLT) = [

uv) TCXM) = (x-\'l\d ,21—(37

’T(.(,D)"C l) L)
TCDl\\ = (1 )")

o
0

n=—"2%2

)



T—,[ ( 2 [ kx'lﬁ\-[ ( 2
2 - L o -

!(TBf—‘L-—n

= &C‘{lz] ¢ CT'B,J NS ezg
Basl s : “\L], [2_']1

Dim(CCCT)) = 1

NETY = [03 Dim(NCTY) =0
0

Qi Find the makvix of LT T on R} oefined by
T(xy,2> = (xe2ytz, -y, ay+z) we
o) Standord balis vedhws

@ Basis: 104,0,0, (0,1, 5 (0,0, 1N}



" T(,0,00= (1, 2, 0)
T(0y1,0) = (,-1, L)

TCoyo,D = C\,0,1D

14 %4
tf % Q |

) T(l)oll)t(Q\)Q)D U&il\f) o\d Lasig

HEI RS IS

¢ =2 Cot Cptly =

C'L -'Q C3 ';"3

TC0,1,1) = (3,-1,2)



3 Cv,_ T"_'I C.'(’C).'kc-b =72

1)

g

C.3 =]

T(o,0,1) = (\y0,1)

RN

C\ = | C)‘:-O C(-(-C,_-HZ:S =\

C'S -0

689. lex T be LT Haat Sendt each watviv X 40 A%X  wheve

A= [\ "] ond V- ter of all  2x2 real matrices.
(|
x e\

Find the waadyix daat repreteris T

T(x) = Ax



V—.§[0€ ;] | &b, 64 ea}

T- N 4oV

Bacis-{ o , OI'X, Do ’[oo‘l
o0 o0 (o o |
vV, Vo Vo v,r

L= AV = AV + But A € RY,

SR A5 58 A IR

Ay, = [\‘ ,ll[gg = [g \l] = (0, 1,9, 1)

Pryg = [: :3[‘/0 o'): ,:;lg = (L,0,1,0)
(O

[ e

| ©  ©O
=] 9 | o (}

|l o { ©

O | 0



ORTHO GONAL VECTORS

Y Norm
@ Tnner froduct
() Or—\r\no\c}ona\ &u‘o&Paces

(1) NORM
. Lev\@-\h of o vedtor il
Leb x= [%]
Ao
Ty -
L %n | L
-~
W
« llx])] — norm «
ol = %t ¢ B+ x2¢...+2t 20
1
Nzl = AE 4 gttt 20
T ApeA t I-,;Xa_* v+ tAn"xq 20
= (1 % %y - xn T
Ao,
Ly
L %n |

(\l'xl\‘)"—— ol



e il 8 e digtance of e point feom

e or\&in
* x|l =0 i A =7
o oLek 1z (%, Xy oo %)
« Lt &:‘ L\O, Yr - - \‘5,\)

SRS ANE U R Yo AW LY, o F Xa Y

Properties of Twner Product
1. if <x,4> >0, an&\a berween =« g u i ocwte
2. if <x,y4d> <o, anko)\e between x g y i obuse
LTS (’1,\6>= 0, x and Yy are or%o@om\

@ 0 & ‘he only Vecko O\M\o%om\ Yo e\
<0,0> =D & O'D

DD & e °“\‘L’§ v ety or-\fho&ovm\ ‘o e,vex,j other vedrsy
_ T =
<0,%1>=0 Mx oA 0O'%x =0

© D s e only vedor whose \u\%&\n « 0



* let V be o wvechwr gpace ord S ond T be subspaces of
v

We an Su& ot § and T are or)dnoaom\ to eoth
oYher i

q_T«3=o Vo €8
VSET

In other words, every vetkr ¢ in S or-\hoaom\ +o every
vedsY £t in T

@ V= {0} Sz {o} T={0}
{§,T>=0
() V=R, §=101, T= subspace of R

<$,T>=0

v I8 DimVI =N, then DIM() +DIm(T) < n

L TE §and T ave OF-Hr\DaonqL Yhen $AT:=D0=2



THEOREM 1

If nonzevo vedtors V,, v, , Vy. .. V, Ore mutwally
or*\noaom\, Yhen Hhete veckors are \inearly independent

Murually or-\'hosona\: ViT"[, =0 ¥ H#)

GVt Vot CGVat... t( VvV, =0 — WD

QVTV, ¥ GVIVat Y Vet .. .4 CauTVA =D

\
¢, v\ =0

Wil #0  (nonzevo  vedtor)

W& ¢ =0 M



THEOREM & : FUNDAMENTAL THEOREM of ORTHOGONALITY

Lt P be o wmatrix of grder mxn, then
D CCAY) and NCR) are or—\rhosom\ tubpaces in RN
2) CRA) and NLAT are or*hoaom\ sulagpace w A"

Proof

D Suppose X is a vetor in Hhe null space. Then A =0 and
Suerom of m equations can be wWeiten os:

B Yow \ .« . . X\ 0
AMXz| - vowa --- 0 R

* Row | 15 orthogonal fo x (inner product = 0>
Ever% fow 8 or+\noaom\ 10 x
. X or—w\oaona\ +o every combination of rows

© adh X in the null Space 18 Perpendicu\ar v each
veetor in the row Space

N(Rp) L A"

2) Suppose y is & vector (n e left null space. Then PsTto=O
sysrem of m equations can be W(itren ac:



- tolumn \ - - Y
T
A3= '_ ‘31, =0

-..o\umn N --. :):m
. 6ver6 oluvmvy ¢ or*hoaom\ 4o Y
W s or-\\r\oaom\ Yo eery wmbination  of columns

NCAD L CCR)

let V be o vector space. The ter of all vedksrs orthogonal to
e,veB veetdy In vV « talled or*hoaom\ Covaplement of V

\/'L-—% V?up

S e laraes\' sef- of vectors bvewomes +he or-!rhobov\a\\
comp\emen\-

ey: X0Y it +he compement of 2

THEOREM 3: PUNDAMENTAL THEOREM OF LINEAR RLLERRM, PT 2

Let A be o watyix of ovder waxn
D) LAY = tomplement of NC(RY W R"
D (A = tomplement of NCAD n R™

They are ordogonal and mplementary subspaces




ORTHOLONAL BUT NOT ORTHOLONAL C(OMPLEMENTS

W 3
WdLVin R

Awo or)rhoaom\ ayes

---- V

ORTHOHONAL (OMPLEMENTS

line W 1 4o
plane vV in R

vizw and wt =V



Properties

o) =y

@Y TF VvEW, wh=v

@ii» I V and W are orthogonal cowplements i R", then

dinlV) + dim(W) = n = dim

dim r \dim 7
4 TOW :E,\ \
51’);1»(;(_- R o "X(l‘,,. == b A U)]l:l““
0[‘ _‘ »/' - R " 1 b ﬂ’f*""»’ \
. § _ _7;:*:’: ——3 ol ‘11
’ o————— T m—p
. U — X, + @& P
R"<X « NS
’ / PN, e = CR™
Toe—" g 0 =
X left X
S allspace ¢ nullspace
dimn — ¢

ditn m —r

© Bverything from vow space poes +o column  Space
- Bvergdning from null space goes 4o origin

. Sp\‘\\—\'ina R into or—\hoaom\ ‘mr+s NV ond W wil\ sP\H— every
vekor into X = Vew

- vedhir v o u proyection of x onto Subspace V
= ortnoponal towponent w s ¥he projection of % orbd W



™e 4vue effect of madvix wulhplihn it fhat

- ever AX © in lumn Space
- null tpace 30&: o o

- row tpace component  goes +o column tpace
- nohing i arried Yo \eft oull Space

* Gvery Mo vonifrime cow spate to coumn  tpace

Q. Fnd e \ev\%&hs and inner product of x-(l,40,2)
oand o= (2,-21},3)
Nl = J1+lb +y =2 “\olllel-\tqﬂ-(-‘i = Vs

<A Y = thj: 2-8 4046 =0

Qn. Whida ?aifs of wvecdtors are or’rhoaona\'_)

viz (1,2,-2,D vy 2 (0, %,0) V= Ciymly=ly=1) v =0y1, 1)
{V\V,) = u+0-8+40 = -y
<VVad < t-242-] 20 Vv~

ViVyd = [x2-2¢t1= 2

<V, Vs> * U+0-u+0 =0 VY~
VLV P s 4 40+4+0 =0
Vg Vg2 = L=\-l-l =-2

Bu. Lex A= 2 be o wWadrix.
L4 )
3 b Y4



(A Eind a vedtey X wwidn G‘(-W\oaovm\ o oW
space of I

(k) Find a ued—u‘r\a wWion i sYtwoaonal o column
spate of p

) Find a wvedtey 22 whwidn € &Y—k\r\oaonm\ o null
space of I

Let 3=K n = -2k 2=0

NCAY = gk[g‘} | eKl

dim(p) = | bqsis:{ (-2 o‘)%



(&) L+ null  space

RV gpareae, [V A 15 by
Arb= |2 U 3 p | — O O | ° -y
306 4 b R o o

oY
v 3 Rk [1 203 Ra Ry
pl = L o4 ¢ i——-—ﬂ o o O ——]
( 3 L(- 3‘%R$’R\ o ‘ \
y+z =0 LAY +32 =0 [' "\\ 3]
© |
Led 2=k x — AL &3k =0 © 0 o
Y=~k L4k =0

-
NLAT) = {\c{'\ ] JKE KE
l



@ Vedhws  wwtw pivok variables = vow space

ORTHONORMALITY

Set of nonlevo vedted are said 4o e orthonormal  if
® V;T\/\ST—D ; L?"J

Gy Nvill=1 4 i
vi'y, ;i 0 it

In other words, VTvi= 0

o (Y2, '/ﬁ)) ( ‘/ﬁ.) "/(15

The wordinare Vecksys ie- e vectors Har lie on ¥he x-axig,
ore orthonormal in R".

n pacticalar, €= (1,0),€, (o) oare orthonotmal in K

If the vedtoys are votated Jdmro\@\ 9, then +he He new
vectore (cos 0, sim®) and (-sm8, waed ave alio
or¥honormal



63, Find all veckrs n B thot are orthogonal o a (1,1y)) and
bC,-1,0). (onstruct an orthonormal bagic from Haese  vectsrs

- A vethivs  Form plane

* Find  line Fo,rycv\Aicu\ac v plane

let w be a vedkor wn R® L 4 (441D and (,-1,0).
w= (x 3 7,)
uTm =0 =uTh

L+Y+2=0 ond t-y =0

CA:\oZl:[l L 1| :o B_LM[\ \ 10
| -1 o - 0O O -2 - - ©

—3.3-1.=D
Let g=\l- A tk-AL =0
Z=-2k L=k

NARNII



vizos (LD Vizl> (1,7,0)
V.s-— (_\-) \)'l)
Corvhonormal 4oy, L vy)
From independent ordnonormal  vecturs, pcoduce loatis

b\ﬁ)fo\iv(o\ir\% each vellty by iK norm  +o make unit
veciors

Normaligingy)  V,5 Va3 Vs vedort will get orthonormal
boses

G, )G, e

Cha, Yo, 0)

(%, Y% ,"%a)

Qly. Let P be 4he plane in RY x—Q%-eSz-{: =0

@ Find a vedsr L 4o ¥

i) What madrix hag the p\ane P as its wall
s‘mce?

Giiy Wt (¢ +he bads fer P)

© P= x-aytdz-b=0 ‘& a 3D jlane in R



[ -2 3 -]

[——|————’_l
W
(@)

< TN s R

Cl,-2,3,-D 1 &ir rako 1 4o plane
' e
v o J Lk '32] | L er £ L 4o P
ol

MY lex 4he matrix A have  wull Space =P

let weP suth Mok u=[x
J

z
\ 4

Wwe= [ x xaz-l:'li -0
-2
3
-\

P L1 -2 3 -1]

1’95*5Z't o & tae Soluhion Yo Ax =0



(0)  Basic for P ¢ basis of nwll space

null Space. solukigny +o P

0 00 o

A
la -
A
t

x —Qaﬂi—Z‘L—k =0

L= 2(3—?:1_-1—{:
Qy-3z+¢ a -3 \
N(P) = \a - \6 \ +2lo |t t]o
A 0} | 0
¢ v} o ,

basis = { (2) \30)0)2 C’5>0; 1,03, (")O’D)DX

Ois. Suppose & i spanned by (1,2,2,3) and €1)3,3,2).
Find ¥he basis foy St

et Vv be o vechy in § . let v= (x,4,2,)
vi0,5,,3) =0  and  vT(1,3,3,2) =0

oY
Let S=vow space of wavix. §%= null gpace of matrix



1.*SH=D
= - Sl
- sk,
NCV) : l(—\"‘Lz_ -
L
le,
. . 1
. Bagis -Fw{ & -

R-[( D 5 : 0
o | \ -1 + 0O

%+z—k =0

A 7R

W= kg

’§' 0
Vo[ x| ] kG ER
o) \ !
I o)

0

|

-\



(OSINES ¢ PROJELTION S

If oz (0,40) ,b=>(biyby) ana\eal ® apart , then

wsb = Qb +a,by = ab
Hall Wo Naw b

Applies 4o R

\ 7

Projections onto Line

Projection of T ont line &

A

L

e= b-P

P is o wulkple of o, point closest o © on a

wihiple
A/MCSU‘:\M')
F: L o
ale o a'(b-%xad)=0

Qa"a. = alh

1\

x= &b
AL




A

p=ok

P:m 0 b
aTa
P: Pb
Pz aa' [— nxn watrix,
o &wv\mehric
PT=p

C(P) = LKne -WwouOV\ o
PROJECTION MATRIX 18 oF RANV 1

P =)  (column vectry x Yow vector)
- Note: P"=P C?roPo,fho)

Proect vedtoy onto  Space

Plane of 4,0,

= column space of

[‘.‘* ‘.*z]




e L plane s?avmeo\ b@ a, & A,

P some mulkiple of a, anda,
P—' &\ Q\ + %1 Q;__

= A%

e=b-ALX L plane = L o4 § L ‘o a,

a' (b-p2) = 0 and 4,7 (b-AZD=0
Wf‘\w\S efuaims o madvix Lormn
a,’ 0
Q,"T (.b"Pr"JL\) “lo
2¥|
A" (b-A%) =6 ——
e & in NCA)
e + CA

Rewriye eq, ud

AR = AT —— (2D



Solve fox &

-
= (AR AT b
i€ b i CCRD,

Projectin p p=b andif b
& in NCAT) then
N
p= A% P"CI’/
B A
p= B (ATA AT D P= m(AA AT
T
§ projection projectiom
vettor MY IX
clogesy +o b
In 1-D
nove: A '« not Square;,
p= ol cannot+ do (ATA)”
aTo = gl A o

does no¥  exigy

SCHWARZ  INEBUALITY

n

Al veetoxy 00 and b in R

la" 6 | £ lalllb o Joos 8]

If 8=0 or 6=T, equality hold¢ (dependent  verhwy)
ond b= prgjecion m o, ¢ =0

—
n
v

O_L
v



Note

L P s symmedvic

2. PV=P for n=1,2,3 ...
3. ((P=I

4. Trace of ? =|

- If a "« n-dimencimal veckw of avder n, P square
madvit of evder n

b T o € o anlt vetksr, Pzaa'  (aTa =)

B, Whot wuktiple of  all,,D s closest Yo the poink

b(,4,4D7 Find the point whith & ctlotest +b o on
fae \ine k\r\roué\v\ \o.

by = 2L where 2= &b - 4Tl
a’ o \alh?
x= [t 11313
4 = 1o mMultiple
3




f=2b A= Pa = CLa &4
b b

1
(
L
L2 « Hb[z
]
U
a0/3} 5/9
{40//35}2[307‘1]
ko [z} /9

Qu. Find the projection of b onto a

_
o
U
5
—
S S0
(__/—)
11}

M a=0,0), b= (¢,
() az0,-D, v= O,
M a=0,0 b= (coth, com0

P=2a = a'b a = [I o][cose’l

ala Sinp

e )
%;[wW] [o]

0
G az0,=D 5 v= LD

f&'— wy *® a-TLo,: [_I—I')[‘\]
|

T Cu -3 [‘:] LJ: Ln]

‘\

[2)



Q- 3 P @ plane of vedurt w R
P= usvtwet=0
find P ond 1 Caull tpace of P
(i~ ¢

C1 11 J[wuw
v( = (o]
w
t

wtv4wtt =0

U= ~-V-Ww-b

-v-w-t
P ~N(R)= \
w
b

-1 -\ -1
- v l/lfvoo + Elo ‘V>"°,J° e R

@ P, Row space i (Nul smc«:)l

e



Ouq. Let $ be a 2D Subspace in R tpanned by a =Ly
b= (1=, D, Write ¥e vector v=(-2,2,1) as the Sum of
a vty in S and o vedw or{'ko&ov\al Yo §.

veckor v $ & olumn tpace of §
veckoy Wn ST E left nul) Space of §

AT-—[ Lo | ]m |2 |
(I | [o -% o ]
l Rz"-) "/5(1_

(f: [l o | ] R2R 28, | 2 |
S ol LT T e b T4

, 0
A = ron space - l(_(’:o]-('lq_[\] \kn!;eﬁl
| 0

St = left nul space  (Solutlon to ATx = 0=RTx )

A+ 2 =0 =0
1=-1 3

-\
§d - {k[ol \keki = line 1L '\'QP\GV\C
\

where  v,,v, are baces of CLAND ond  vq w batis of N(n)



C‘*C& -2
C'L - L
C“\'C3 2

or*ho%bm\ tomponeht n & = v-P

e () 2]

V= (0,2,0) + (-2,0,2)



Qao. Yro{)“" b= (0,00 onto the \ineg
0 a,= 1,2,
M a, = €4,2,-1)
(i 0y = (2,1 ,2)

Add the Ywvee polv\’rs of Fro\'\ediov\s and explam whot +he
sumiy & and »o\r\g W o

@y P= a'b . = C-1 2 1)

a'a




Since &,, 4, 0nd G, AQre vv\uhm\\& brthogonal,
PPt Py = (1,0,0) = b

W brinﬁ the or‘\ﬁim\ vechy back

Q2. Vs o subspace of R® spanned by a=(1,2,3,-1,2) and
b=C2,4,7,2,71). find & botit of 4the orilogonal comp.

V.L

let s eVt = (v, w,mv,2). AtT=0

[19\3-—(7_.]?
Ay T L -l




LE“' \o=\L( LY Z:\L'L

Ly 4‘3’52 =0

L="Y k|'\'SlLQ_

gosis (V) =

R = [l A\ 0 [-13
O \o/ 1 |y

letr v= U,

7
-—s’

wedv =13 t17y =0

W —auy 131U,

[(-2Wy x13k -1T\ o
L&
L 45y
I
L '’ -
(13 [ -17 7 -2
0 (0] I
-y [+ k| ¢ X ULz) o
| ) )
. © L J 0
(12 -17 7 -2
0 0 \
..\1 2 S‘ N 0
| 0 0
L O ( v

Dim(VY) =2




B2, Project b= (1,2,2) onto 4he \ine througl &2 L2, ).
Uheck iF e & perpenditalar to Q.

P=a1b,a;[l—Ll][| 5 )
a%o. 'l] —z]- 0
2 | 0

\9-:2_

<e\0\> = 214+ = 0O

Q3. Project  b=(1,2,1) onfo Yhe 1ine  Ahcouwgh a=( 1.
theck if e L &«

P-ab.a - [! \13[,

:1ys )]




PROJECTIONS & EAST SQUARES

Failure of Gaussian elimination with multiple equations
and one vafiable (b wnot+ ' CCA)Y)

Q2 =b,
R = o, & An-=0b
Q-s'l = ‘9.5

Sowable if & :a,:8y = bbb,
I€ sustem s incontistent, dhoose Value of x that minimices

overaoe eveer €E in Yhe m e.q,mhovxs.

™M
Sum of  Squaves = = 5, (a, ?C'b,;y_

=1

I8 dhere i exack Solutin, E=0. If not, dE -0
dx

So\vif\oo for x

m M %Y
ole" - 8 icagx-ba)% = 3.8 atx - L a b =0

A= =l (=

=1

m
& o
1=

™m
& oak
(=l

A (1) a’ b



M W WITH qu Vorialley

lontider on  ncongitkent uéshm of linear eqwortions

p‘W\W\ Xr\n = b"'“‘I

We loot for best possible opproximate solution.

* fhe Vedtoy b lies outside

CCpY and we wneed 4o project W
onto

) 4o %e+ e point P W CR) clogesy +o b

The system is veduced to AR =p
From paget 44,50
AR 2= A" b

solve foxr T Ceshimarte)

* Me quadion ATAL= ATb it called e o eguation



Q4. Find NEN" = [1AX-bN* and Ssek *o zero e derivakives wrt
the unknowng W and V. Compare +he ﬂ;w\-\frvb eamation  with
the nomal eguahm

AT-AR = AT.)

0O find the solution X and +he fro;\ec-\-ion P> AL
@) W\m(j it p=b?

: (! o r=|u b= |1
" [0 \ ] [\/] [ 3]
b 4
Jsi Nﬁ leatt  Somaves  mefinod

nent= I Ax-ol”

Sl HER

Ar-b - w-I
V-3
wtv -l

T
wey* = w-) ))” = (w-D +v-3D" 1 (wxv-u)
V-3

Wiy -4




DIEM® =  alu-D + alusv-4) =0
ou

W¥l + w+tv-4 =0
AU xv-3% =0

ANXV =3 — ()

B“Eul = Alv-y) 4 D.Cu.w,nﬂ =0
ov

V-3 ¢+ w+tv-4 =0
AV *xw-1=0

Avxuw=1 — D

pAfax = A b

ERRNIERRRCI MRS Y

4



[ 004035
QurV =5 and w+v=7

Sodhe %wa+fm< 0Ye the soawe

@y Sowkion A
2 LIR) = 5]

A = [Q | s S] K,_-afé-,_-‘llﬂ\‘ L \ - S
| 2 7] Lo 31 )

= V=173

PR,

Bv-=
Z

AU +3 =5 =D W=

Solwkion-  x =
[\




Pzb S b s in lumn Space of A
Qas. et A=C31 -1 . et v= NCR). Find
0 A basit for V, batic fr vi

(1) Projedkion makrix P ondo vi
Qi) Projection moadvik P, onto V

V=NCA) = Solutim +o Ax =0 whevre x=03,v%2)

xtny-2=0 [ 3% \—\3[9( ]:Col
J
>,

T~ 2-y
3

Nca):-{ {&;3/31%
V= NCR): {‘3 Bﬂ €1 [;’l}] |42 ekl



@ Batis for V= { [—‘Is‘\k [‘[;Jl
T T )
0 I
Bagsis fy V' oz bass  for  row  Space
L[1])
SR
-
@t P onto Vi

P= A (A A A
= v (@D Y

?ﬁ.I%] ([3 \43[3]5*C3 V-1
-1 ~

”3] (En]") [2 1 -1]
|

v_l

[ 3 l 3L -]
I ] T\T> \3l><\r’ \x3

—I
L

)




Gid

\

P, onto V

[—\{ 2 \,3
V=1 | 9] ]
O (

=V IV VT

(_\[q 1\ -\ ~lf2 \ -\ 0
At ['2 AL

|
"—‘( 1 \[g 10/ -\M "
-\/9 \o/q ‘1'5 0 (




il

1 10/4 '/1 ‘I} o
[ l IS] (“) [\//ﬁ |o/¢1 \I3 \O | ]
- ~\[q 1\ \{/27 10/4 VY4
AN
= 9 { \l"a \IZ
0 [-Ya7 \o/q \/‘\]
-\l/Q" \[q \o/q
Q. Find ?ro\'\ech'm of b ownto +the (Cca)

A= [\ \} b=[\]
| 2
1k T

S‘)\H’ b into pPta, tucth Hhar p € Wn A ovd
is L +o Hhat Space. Whith of the Sfour
$Ubgpaces containg q°

Column s?a ce

L RoAR-R, [ 1)
A= | -1 D o -1
-1 L( Rs") 231-7.2‘ (o) ¢

R3-9 R3+3RL




et

Pro;\ec’c ion P

I\_ Tb
(ATRYX = B

'*:[ 160+ (4403
SRR
CRNHEN!

v =\l
8/, R = ]
\ R 2 Rt 8/ ;[; AR
-@ : -
b -
[‘3 \§ :

l‘
:\ - 3__] 1—" _'



A /22 }
=L 370

p= AR ‘[; ,"] R

-1 Y

P = 21 +37/22
[ UYrr + -37/22
-9/ £ 7h/n

- [38]
LS/

- - | -a3%/n
C],be? [Q (—\{/H]

7 -6s/u

vl
(2/u

O W W nul 8pmc£ of T



