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LINEAR TRANSFORMATIONS

. f : A → B defined by fbc) --y

. A : rn→ Rm (mapping / function)

AK -
- b

> range
K

b

c- kernel : free

variables

(null space )

domain codomain

(CA) -- range

NCA) -- free variables / kernel area

Examples

1 . A -- [ E E ) x = Cx
,y) stretching

"" to :X;]
-

- K;]



- A multiple of identity matrix A -- CI stretches

every vector by the scale factor c

- Whole vector space expands or contracts
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x
-
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, y ) Rotation

a.=L :
-
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. Rotate by 900 CCW

^
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go
'
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a -- [ If ] ×=( "
y ] Reflection

a"C%Xgy=[% ]
^ ay

alyssa)
q Cxiy)

( s s s s a

v v

- Reflection over y
-

- x (45
'

mirror)

&
A -- [ boo ) x = Cx y) projection

A. =L ; :X ;]
-

- L:3
^ ny

q Cxiy)
(x ,0)

( s s e s > x

v v

a projection on x-axis



General Matrix to Rotate by Angle o

A -
- Cosio -

%Yf] x -

- Cy
"]

1 . O = O 2
. 0=17/2

A -

- ( f o

, ]
A -- [ 0, to ]

3 . 0=17

A -- f- to 9)

RULE of LINEARITY
. A transformation T on Rn is said to be linear if

Tccxtdy) = e Tcu) t d Tey)

. Preserves origin

Polynomial Space

space of all polynomials in t of degree n is a

vector space denoted by Pn

Pn -- Cote ,
t t czt't . . . tenth / Ci ER}



Basis = ( I t t
'

. . .
th )

Dimension = htt

Examples

1. Differentiation

A- =D is linear
dt

. Pn+ , → Pn

- CCA ) -- all of Pn Cn - D area)

- NCA ) = Po ( I -D space of all constants)

2. Integration
t

A -

- f is linear

O

• Pn → Pn+ ,

° (CA) = subspace of Pn+ ,

° NCA) = 2



3. Multiplication by fixed Polynomial

. A = (3 -14T)

• A Pn = C3t4t) Pm

Representation of Polynomial Transformations in Matrix Form

Qi
.
Construct a matrix associated with differentiation of a

polynomial
p
,
→ the

Basis (B) = ( I t t
'
t
'

)

Basis (Pz) = C l t t
' )

dq Cl) = 0 = 047 t Oct) t Oct2)

Idf Lt)
= I = Ill) t Olt ) t Oct

'
)

dy,
Lt
'
) = 2T = OCD t2 ( t) t Oct

' )

Idf (t
') = 3T

'
= OCD t Oct ) + 3h23



A K b

e
: : : :t.lt: "

P Lt ) = M - 2B t t l . 78 t
'

t fit 3

"

,
a. variable as

¥."" ! ! El = I

( CA) = { 4 ( too ) + Caf ! ) t ez [§] I 4 , ez , c, ER}

Basis cam) = { ( to / , I %) . ( og ) }

Dim CC CA )) = 3



NCA) -- {k ) } Dim (NCA)) -

- I n - r -- 1

The multiplication of the matrix A by the polynomial Plt)
always yields the derivative of the polynomial .

A is called the differentiation matrix

02 . Construct a matrix associated with the integration of a

polynomial
Pz→ Pz

Basis (Pz) = { I
,
t
,
t
' }

Basis ( Pg ) -- { I , t , t
'

,
t
' }

t

A : J dt

O

t

J I dt = t = OLD t l Lt) t Oct
'
) to Lt' )

O

§ t dt = thy = ou) t Oct) tilt
'
) t O Lt' )



§ t2dt -

- ¥ = Oct) t Ott ) to Lt' ) t ↳ Lt
')

at:÷ :D
..

Plt)= 3+4t - 61-2

A

l: : "hit :L
4×3 4×1

um -
- (co te

, f! ) + a 114in 's ER )
"""

I . I
Dim(CCA)) =3



O

( O) Dim INLA)) = O n - r =oNCA ) "

o

no free variable

Note :

Differentiation is the left inverse of integration

Representation of Transformations in Matrix Form

i. Rotation Qo in R2

• OAC 1,07 and 01310,1) are basis vectors

. consider rotation do of the basis vectors by an angle
O in the CCW direction

• Let All , O) and 1310,17 be moved to A
'
and B

'

respectively
• The new basis vectors are now OA

' and OB
'

° The coordinates of new bases Wrt old bases

^

r

-

-
-
AB coil) ,

O line

A
'

B
' O .

- i
^ ) O ,

C D S

O Act
,
O)

✓



A
'
-
- CoA

'

cos O , OA
'

sin O) B) = (OB
'

cos (901-0)
,
OB
)Simao-10))

-

- Casso
,
since) =L-Simo

,
wso)

inverse of 2×2go.fi?msoo-soms9 ] mania

a b

1%1=1
led THE -

ab )

• go is non- singular and hence
,
invertible

ai.t.7.smo.siomii1@o.y' -17ms: -

swim:L -

- o .

Rotation by same angle twice

- Oo - do

luging imgur.no. ÷:]
= cos

'
o - sink - 2 since uso[ 2 sinocoso coho - simao ]



= [ cos 20 - sin 20

sin 20 coho )
= 920

Rotation by 2 angles
-

Oo - Op

luging -

sina.oyy.gg
-if

= ( Wso cosy - since sing - ( sinocosotcososino)
sinocosotcososino cos o cosy - since sing

]

-

- legs.m%:*,
- miosis:*, ]

2 . Projection P in R2

• consider projection of R
'
onto O - line

° Let All , O) and 1310,1) get projected onto the theta line

as A' and B
'

respectively
^

B. Coil)
O line

on ,

7

A

p's

(
) O

g s

0 All
,
O)

✓



A'= ( OA
'

cos O
,
OA's in O) B

'
-

- COB
'

LOSO
,
OB 's in O)

= Cueto
,
cosOsimo) = (since code

,
sin20)

p , [
will sinocoso

since cos 0 sinro )

( pl = O

e P is singular and non - invertible

° There is no way to get original coordinates from

the projection (infinitely many)

Projection followed by projection onto same O line

. p . p

Let c -- cos 0

I :S
'

g. IIE; so, s -- since

= ( c
"
c-c's' c3stcs3

Css + Cs 's c2s2 + S4 )

= fc2.cc't S2) Cs cats 2) e't5=1

CS ( c2+s2) S2 (cats) )

=L :; s:]



.ph =p n = I
, 2,3 , - . .

Projecting any number of times = projecting once

Transpose of P

e pt =p

°
.

'

.
CCP) = ( ( PT)

° Matrix P is symmetric

3
. Reflection H in R2

° Consider reflection in R2 on O - line

° Let A ' be the reflection of A on O line

° let M be the midpoint of AA
'
.
It is the projection of

A on the O -line

^

O line
B. (Oil) A

'

7
M n

M

j
(

(
) O

g s

0 All
,
O)

✓



• Consider DOAM

OF
'

t Arti = ont
'
- Cl)

u consider DOA'M

OAT't Aim? = OTP- (2)

(1) t (2)

TA
'

t OAT + ANT t Aim = 2OM→
-

ANT +AINT =P ( same magnitude ,
different directions)

OT't ont
'
= 20Mt -7OF is projection of one

on the O - line

I't H . I
'
= 2 P -I

'

I
' ( It H - I) = I

'
( 2p . I )

Drop IT

I t H = 2P

H = 213 - I

H = 21 cos20 cosO sin O ] - f lo O

,
]

cost since since



= ( Ludo
- I Luso since

Queso since 2sinzo - I )

H = [ cos 20 sin20

sin 20 - cos20
]

IHI = - I

° H is non- singular and i . invertible

Double Reflection

. H - H

( 213 -1) ( 2P - I)

= 4132-4PITI'

= ( 4P - 4PtI )

H2 -

- I

HM -
- I



Qs
. Suppose T is the reflection about 450 line and S is the

reflection about Y axis
,
find in general ST and TS

H -

- [ cos 20 sin 20

sin 20 - coszo ]

y , f cos
(2×450) sin (2×450)

sin (2×450 ) - cos (2×450)
]

1- =L ? '

o
)

g = ( cos (2×900) sin (2×900)
sin ( 2x 900 ) - cos (2×90 . )

)

s -- L -j o

,
]

St -- ft 9110, o
' ] -- lo, I ]

's -- fo
,

'out :]
-

- l : '

o
)

CST )T -- TS



04 . Find the matrix of the linear transformation T on 123

defined by Tcu
,y ,2) =(2yt2 , K- 4y , 3K) Wrt

is the standard basis

Lii) The basis { ( I , 1,1) , ( 1,1 , O) , ( 1,0 , O) }

i) TCI
, 0,0)

= (0,1 , 3)

TCO
, 1,0) = ( 2 , -4 , O)

T ( 0,0 , 1) = ( 1,0 , O)

" II ! ! )
dis T ( I, 1,1) = ( 3 , -3,37 with standard bases

(3) -- af ! ) tcf ! ] -igloo) using new
3 bases

Cltcztcz =3

Clt Cz =-3

c , =3 ⇒ Cz = - 6 ⇒ (3=6 = {÷ )



1- ( I > 1,0)
= ( 2 , -3,3) with standard bases

f}) -- 91 ! ) -1cal ! ] -1cal! )
C , tcztcz = 2

Citcz =-3

C
, =3 =) Cz = -6 ⇒ Cz

-

- 5
-

- ¥6 )
TCI

, 0,0 )
= CO

, 1,3 ) Wrt standard bases

Wrt new(1) = Cif ! ) -1cal! ) -1 ↳ [ I] basis

Cltcztcz =
O

( Itcz =/

C
,
=3 ⇒ cz= -2 ⇒ Cz = - f = ¥2

,
)



"HI.
NOTE

t.tk#Dasn:Isado:draiiaIesY.II
05 . For each of the following LTS T

,
find the bases and

dimension of the range and kernel of T

b↳
column null
space space

Ci) T : R'→ 123 given by

Tca
,y)

= Cxty , x -y , y)

ii) T : R2 → R2 given by

Tcu
, y) = Cy , o)

i ) bases of R2 = { ( 1,0) , co , l) }

bases of R' = { ( 1,0 , O) , CO , 1,0 ) , Lo , 0,1) }



TC 1,0) = ( I
,
I
,
O)

TCO , 1) = ( I
,

- I
,
l)

+=/ ! ÷ ) a'Risi ( too ! } )
Rs-' '2545k { too ! ) = u

PCT) = 2 -- n

CCT) -- { Cif!) theft
,
] I 4.her}

basis CCCTD -

- f f !) , fly ) }
Dim( CCT) ) =2D plane in 123

NLT) =/! ) - i n - r -- o

DCNCT)) -- O



di ) TC 1,0) = (O
,
O)

TCO
,
l) = ( I

,
O )

T=[ of f ) FCT)
-

- I n -- 2

CCT )
-

- {c[f) , CER }
basis (CCT)) -- { ( f)}

Dim ( CCT)) = I - D line in R2

NLT) = Tx -- O

y
-

- O

NCA) -- Goc ] Dim(NCA)) =/

NLA) -- { hello] ,
KER )



06 . Construct a matrix that transforms Clio ) to (3,5) and

coil) to 12,4) . Also find the matrix that helps to come

back to the original bases ( inverse)

1- ( 1,0) = (3,5)

1- coil) = (2,4)

t -- L 's ;] ⇒ t
'

Is -57

"" I :p
-

in]
G. For each of the following Its find a basis and

dimension of the range and kernel of T
↳ CCA) ↳ NCA)

is T : 123 → R2 defined by TGC
, y ,2) = Cxty , y

- 2)

Lii ) T : R2→ R
' defined by Tcxcy) = (xt2y , 2x - y)

d) Tcl , 0,0 ) = ( I , O)

T ( O, I ,
O) -
- C l , I)

T (0,0, I) = LO
,
-17

free : l

T -- [ to 1

,
I
,
] pivot : 2

FCT )
-

- 2 n =3



(CT) = f c , f f ) t cuff ] I Chez E R}

Dim ( CCT )) = 2

Basis : { [
'

o ) if :3 }

NLT) = Tx -- O

y
- 2=0 Xty

-
- o

y
-
- Z K = -Z

NCH -
- f } ) = { 21 ! ] I 2 ER}

Dim (Nlt)) = 1

Basis (NCH -

- { f ! ) )



( ( TT ) -- { cc (1) t cuff
,
) 14 , Cz ER }

N (TT ) = Ttx -
- O

tt -- l ! I ] f: I]Ekf ! !)
f (TT)

= 2 n -- 2

.

.

.
NITTI = ( Oo )

7 They) = (xt2y , 2x - y)

T ( 1,0) -- C l
,
2)

TCO
,
I) = ( 2 ,

- l)



T -- If I, ] Rr→ns[ lo Is ]

FCT)
-
- 2 -- n

CCT ) -- f. c, [ f) t caff , ] I c. oh ER }

Basis :{ [ 'a ] , I ? , ] }
Dimccct ) ) = 2

Nlt) = [ Oo ] Dim ( NCH) -- O

98 . Find the matrix of LT T on 123 defined by

1- (key , 2) = (key -12 , 2x
-

y , 2ytz) Wrt

in standard basis vectors

ii) Basis : { Cl , 0,17 , co , 1,17 , 10,0 , 173



Li ) TCI
, 0,0) = ( I

,
2
,
o)

TCO , 1,0 ) = ( 2
,
- I
,
2 )

TCO
, 0,1)

= Cl
,
O

,
I )

e- I } It
,
]

(
'

il ) TCI
, 0,17=12,2 , 17 using old basis

[3,7--414]+4117+519)
C ,

= 2 C , t Cztcz =/

(2=2 Cz =-3

TCO , 1,17 = ( 3
, -1,3)

III. all
,
Italo; ) -ist;]



Cc =3 Cz =
- I c. tcztcz =3

(3=1

TCO , O , I )
= ( 1,0 , I)

III. aft ] -1cal ! ) -isl! ]
C
,
= I Cz -- O Citcztcz =L

(3=0

'=L! I :]

99 . Let T be LT that sends each matrix K to Ax where

A -- fi, I ] and V -i set of all 2×2 real matrices .

KEV

Find the matrix that represents T

TGC) = Ax



V-- { [ ? bd ] la , b , c , d C- R}
T : V to V

Basis -
- { [1%7.1%1.1%0] > [ °o°, ] }

V1 V2 V3 V4

11%1+01%1 -111%9K = AV = AV
,
+ A V2 -1 Avzt A V4

f +018 ;]
A" =L '

, 1) [1081--118] = 4.0 , 1,07

Avi [ it ] 1%1=1811--4 " " "

Avs = [ I f) [0,81--11,8]--4.01107

Ary
-

- [ I f) [ °o°, ]
= [ 8 I ]

= c. 1,01 1)

t

c- =/ to 9
I 0

i : :& ]



ORTHOGONAL VECTORS

C) Norm

(2) Inner Product

③ Orthogonal subspaces

(1) NORM

° Length of a vector n

' " "

I "
"
"

C 3

u

• Ilk 11 → norm x

Hall = x ,
' t 42

'
t aft . . - tan

' Z O

112112 = 742 t Xz't xp t . . - tan Z O

= 74 - X , t Xz.Kat . - - t kn - an Z O

X
,"" " " " ""

(Hall)
'
-

- KT x



Note :

• Hull is the distance of the point from
the origin

• 112/1 = 0 iff x =o→

(2) INNER PRODUCT

• Let x : (x , Kz . . - xn)

J
2 n-dim

vectors
• Let y = Cy , yr . . - yn)

• Cx
, y >

= xty = ytx = My, t Kay, t - - - tan yn

Properties of Inner Product

1
. if Cx , y > so , angle between x Ee y is acute

2
. if Cx

, y > co , angle between x Ee y is obtuse

3 . if Cx
, y >

= o
,
x and y are orthogonal

(a) J
'
is the only vector orthogonal to itself

( O
,
O > =D or OTO

(b) J
'
is the only vector orthogonal to every other vector

(O
,
X ) = O tf x or OTR = o

(c) J
'
is the only vector whose length is J

'



(3) ORTHOGONAL SUBSPACES

. Let V be a vector space and s and T be subspaces of
V

° we can say that s and T are orthogonal to each
other if

xty -- o Fx C- S

Hy ET

• In other words , every vector s in S is orthogonal to every
vector t in T

Examples

(as V -- lo}
,
S = {03

,
T-- 103

( S , T ) = 0

(b) V
-

- R
'

,
S = {03

,
T -- subspace of R

'

< s , T ) = 0

Note :

i. If Dim CV) -- n
,
then Dim CS) t Dim CT ) E n

2. If S and T are orthogonal , then s n T = 8=2



THEOREM 1

If nonzero vectors V
, , Va , vz . . . Vn are mutually

orthogonal , then these vectors are linearly independent

Mutually orthogonal : Vitvj = o f i #j

Cl V , t Czvzt CzVz t . . . t Cn Vn
= O - ' Cl )

To prove : c ;
-

- o tf i

Multiply Cl ) by YT

civitv ,
t czvftvitczvfviit.i.tn/viin-- o

c , 11411=0

11411 to (nonzero vector)

.

'

.
C ,

= 0

Similarly , for all Vit ,

Ci = 0

Generally,

i
. C , V , t Czvzt Cz Vz t . - - t Cnvn = O

iff Ci
-

- O tf i



THEOREM 2 : FUNDAMENTAL THEOREM OF ORTHOGONALITY

Let A be a matrix of order mxn , then

D C CAT) and NCA) are orthogonal subspaces in Rn

2) ( CA) and NC AT) are orthogonal subspace in Rm

Proof

1) Suppose x is a vector in the null space . Then Ax --o and

system of m equations can be written as :

-
- - row I . . .

"" I :r÷ :
.

.

° Row 1 is orthogonal to x ( inner product = o)

•

Every row is orthogonal to x

e x orthogonal to every combination of rows

° Each x in the null space is perpendicular to each
vector in the row space

NCA) L (CAT )

2) Suppose y is a vector in the left null space . Then Atty -- O
system of m equations can be written as :



as ÷: :L .
° Every column is orthogonal to y
°

y is orthogonal to every combination of columns

NEAT) t CCA)

Orthogonal Complement

Let V be a vector space .
The set of all vectors orthogonal to

every vector in V is called orthogonal complement of V

✓
t
→ V perp

- : the largest set of vectors becomes the orthogonal
complement

eg : XOY is the complement of 2

THEOREM 3 : FUNDAMENTAL THEOREM OF LINEAR ALGEBRA ,
PT 2

Let A be a matrix of order mxn

1) CAT) = complement of NCA) in Rn

2) CCA) = complement of NC AT ) in Rm

They are orthogonal and complementary subspaces



ORTHOGONAL BUT NOT ORTHOGONAL COMPLEMENTS

W

W t V in R
'

two orthogonal axes

- - - -

,

V

l

l
l

ORTHOGONAL COMPLEMENTS

W

line W t to

plane V in 123

- - - -

,

V

l

l
l

✓
t
-

- W and wt -- V



Properties

Ci) (rt)
'

= v

di ) If Vt -- W ,
wt = ✓

iii) If V and W are orthogonal complements in Rn
,
then

dimCV ) t dim (W) = n = dim Rn

The following figure summarises the effect of matrix multiplication

° Everything from row space goes to column space

° Everything from null space goes to origin

° Splitting Rn into orthogonal parts V and W will split every
vector into x -- Vtw

- vector v is projection of x onto subspace V
- orthogonal component w is the projection of x onto W



' the true effect of matrix multiplication is that

-

every Ax is in column space
- null space goes to o

- row space component goes to column space
-

nothing is carried to left null space

°

Every Ax transforms row space to column space

010
. Find the lengths and inner product of 2=4,4 , 0,2)
and y

-

- L2
,
-2
, 1,37

Hull = I -116-14 = 21 llyll = 4-14-11-19 = 18

(x , y > = xty = 2 - 8 to -16 = 0

911 . Which pairs of vectors are orthogonal ?

V
,
= ( I , 2 , -2 , l) Vz = ( 4,0 , 4 , O) Vz

-

- Cl
,
- l
,
-1
,
- l ) Vy

-
- Cl

,
I
, 1,1)

(V ,VD = 4 to -8 to = -4

CV
, Vz) = I - 2+2 - I = O ✓

( V , Vy ) = It 2 -2-11=2

(Vz Vz)
= U to -U to = O V

Svz Vy > = 4 to -141-0=0

(vz Vy ) = I - l - l - I = - 2

012 . Let

A=f§§§ ]
be a matrix

.



(a) Find a vector x whichis orthogonal to row

space of A

(b) Find a rectory whichis orthogonal to column
space of A

cc) Find a vector 2 whichis orthogonal to null
space of A

ca) Null space : Ax = 0 (Null space t row space)

l ! ! ! ' l 's :D ""% : :o)
2=0 K t Ly = 0

Let y
= k n = - 2K 2=0

NCA) --

{ f-31) Ik ER)
NCA) : { k (I ] I k ER)
dim CA) = I basis = f C- 2 I o) }



(b) Left null space (column space I left null space)

a.=L 's ! 's.÷÷l÷÷i::L : :i÷÷÷aI
| 123-3123 -R2

lo: : 'i÷÷ :*:D
MAT) = { k ) ,

KER}
or

*- f ! ! ! I :& ?Hii
" "

÷:: :::::÷:c : : "
y
= - k k th -

-O

X = -k

N LAT) = { k ) ,
KER}



cc > Vectors with pivot variables ⇒ row space

2 = ( I
,
] or z

-
- fig ]

ORTHONORMALITY

set of nonzero vectors are said to be orthonormal if

is vitvj = 0 ,
Ifj

Lii) 11411--1 f i

vitvj -- fo, if j
i -- j

In other words
, Vitvj = O

ES :
ci, Lyra ,

Yrs)
,
Lyra

,

- Yrs)

Note:

The coordinate vectors i.e . the vectors that lie on the x-axis
,

are orthonormal in Rn
.

In particular , if e
,
= ( 1,0) , ez

-
- co

,
D are orthonormal in R2

If the vectors are rotated through 0
,
then the the new

vectors ( cos O , since) and C-since
,
cos o) are also

orthonormal



913
.

Find all vectors in Rs that are orthogonal to a (1,1 ,) ) and
bll

, -1,0) . Construct an orthonormal basis from these vectors

• 2 vectors form plane

• Find line perpendicular to plane

let u be a vector in 123 1- to (1) 1,1) and CI
, -1,0) .

u= ( X y 2)

Uta = 0 = utb

✗ + y -12=0 and x - y =o

CA :b ] :[ I 1 1 : O

l - l 0 : o ] [ 1 I 1 : o

O - 2 -1 : o ]

-2g -2=0

Let y= K X 1- K - 2k = 0

Z= -2k ✗ = k

i. a- II.1=1411 her }
/



V
,
= A = ( I

,
I
,

I) Vz
-

- b -

- ( I
,

- I
,
O)

Vz
-

- Cl
,
I
,
-2)

(orthonormal to v, Ee vz)

From independent orthonormal vectors
, produce basis

by dividing each vector by its norm to make unit

vectors

Normal ising V
, > Va , Vs vectors will get orthonormal

bases

(Yrs
,
YB , Yrs)

(Yrz
, Yrz , O )

( Kb
,
Yrs ,

-Yrs )

914 . Let P be the plane in 124 x -2g -132 - t = o

is Find a vector I to P

Lii) what matrix has the plane P as its null

space ?

Ciii , what is the basis for P ?

Ci) f- x - 2yt3z - t
-
- o is a 3D plane in 124



[ i -

2,3
- ' '

f'
'

z )
-

- o

V

Cl
, -2,3 ,

- D is dir ratio t to plane

-
: a- { k¥1 IKER} is t to P

ii ) Let the matrix A have null space =P

Let u EP such that u --

µf )u is left null space

utp -- C x y z t ]

1--0
A-= [ I - 2 3 - I ]

x -2g -132 - t = o is the solution to Ax -- o



Hii) Basis for P : basis of null space

null space : solutions to P

" " ""

l
K - 2g -132-t = O

K -- 2 y
-32 -it

was -- I:{
"

tf -
- Y ! ) -iz + tf's )

basis = { ( 2 , l, 0,0 ) , C-3,0, 1,0) , Cl , 0,0 , I) )

015 . Suppose S is spanned by ( I , 2,2 , 3) and Cl
,
3
, 3,2) .

Find the basis for St

let v be a vector in St
.

Let v -- Cx
, y , 2 , t)

✓Tcl >2,2 , 3) = O and VT ( 1,3 ,3,27=0

or

Let s -- row space of matrix .

St -- null space of matrix



A :b -- fi ; ; ; I If 2

, is : :]

R ,
→ Ri - 2R2

" Clo Y ! I '

: :]
Let t -- ki

,
Z -- K2

y + z
- t = O

X t 5k
,
= O

X = - 5k
,

Y tkz
- ki -- o

y = ki
- kz

non -- I if -

- ful + left ) lankier}
i. Basis for St -

- { f ) , (Io ) )



COSINES 4 PROJECTIONS

If a:(a , >Az) ,
b-- Cbi

> bz) angled 0 apart , then

cos 0 = 9 , b , + azbz = atb

11911 1lb 11 119111lb 11

Applies to Rn
n

n

b

>
a

go
>

Projections onto line

Projection of b→ onto line a

^

e=b - pb

n e s a

> Og
'

p
>

15
'
is a multiple of a

, point closest to 5
'
on a

<
multiple

p = Ia
(scalar)

ate or at ( b- Ia) = 0

Iata = at b

ñ=aa¥a



p
-

- ai

p
-

- a att
Ata

→ p : projection
p
-

- Pb
matrix

P= a at → nxn matrix
,

ata symmetric
PT=p

Ccp) = line through a

PROJECTION MATRIX IS OF RANK 1

RCP) = I ( column vector x row vector)

° Note : Ph -- P Cproperty)

Project vector onto space

ab
e
-
-b-P

i

,
plane of 91,92

I

j = column space of

a. v
'a'

"

la! !)



et plane spanned by a
, Ee 92

P is some multiple of a
,
and az

- n

p -- X , 9 , t Xz Az

P -- AI P -

- fa! a.÷) )
e -- b- AI t plane ⇒ t to a

, Ee t to az

at ( b- AI ) = O and azt ( b-AI) -- O

writing equations into matrix form

Ca't! :b - mis -
- I:]

→ e

AT ( b -AI ) -
- O - t)

e is in NCAT )

e t CCA) → plane

Rewrite eq x )

ATAI = Atb 3 (2)



Solve for I

I = CATA)
"

AT b
if b is in CCA)

,

Projection p p
-
- b and if b

is in NC AT) then

p
-

- AI p -- o

l

p
-

- A CATA)
"
AT b p= A CATA)

"

AT

T projection
T
projection

vector matrix

closest to b

In 1 -D

note : A is not square;
p
-

- aat b cannot do CATA)
"

Ata = A
- l ( AT )

- t
as At

does not exist

SCHWARZ INEQUALITY

All vectors a and b in Rn

lat b l E Hall 1lb It or lues OIEI

If 0=0 or O -- IT
, equality holds (dependent vectors)

and b -- projection on a
,
e -- o

0=17 0=0

c- a a
( o ) o ) )

b b



Note

I . P is symmetric

2
,

ph =P for n -- l
, 2,3 . . .

3
.

RCP) =/

4
.
Trace of p =/

5- If a is n- dimensional vector of order n
,
P is square

matrix of order n

b . If a is a unit vector
,
P=a at Cata =/ )

916
. What multiple of all , 1,1) is closest to the point
b (2

, 4,4) ? Find the point which is closest to a on

the line through b .

Pa = Ia where I -- atb = atb
ata Hall

'

I = [ l l '

If} ) = to multiple
3

[ l l '

Tf ! )
Pa = I a = 10/3 f ! )



Pb -- si b I -- Ita -

-
C 2

4431 ! )
Cz n u )

ffg)
a- ¥ =L!! HEY:L

On . Find the projection of b onto a

Ci) a -- Cl
,
O ) , b= Cc

, s)

Lii ) a -- Cl ,
- t)

,
b = Ll

,
D

47 a -- Cl
,
O)

,
b = ( cos O

,
sin O)

Pa -- Ia = aaib a = C ' 03 [ going ]
Pa -

- fags og
Ci o ] ( j y

' l :]
-

- cosoff )

Lii ) a -- Cl ,
- t)

,
b = Ll

,
D

Pa -- ah = atb a = Cl - 13 [ 1 , ]ata
a -

of ;]
ED = off )

P -

- Coo )



018 . If P is a plane of vectors in 124

PE Utvtwtt = 0

Find P and Pt (null space of P)

cis P

[ , l l l T

µy) = Co ]

utvtwtt = O

U= -v -w - t

P -
- NCA)=/

"t

) }
-

- { of few It tf! ) iv. wit er }
di) Pt

.
Row space is (Null space )t

pt -

- { kf ! ) l k ER }



019 . Let s be a 213 Subspace in 123 spanned by a -
- Cl

, 2,13 ,
b. = Cl

,
-1
,
D

.
Write the vector V -- C-2

, 2,2) as the sum of
a vector in S and a vector orthogonal to S

.

vector in S E column space of S
vector in St E left null space of s

find row space

at -- fi -y
l

, ]
"" " -

riff .
} to ]

Rz -7 -Ys R2
V

RE ( go, to ] ch'm-2h16 2

, j ]

A = row space = { k, (f) t kief!) l Kiska ER}
T

St = left null space (solution to A x -- O -- Rtx )

X t 2 = O y = O
X = - 2

left null

space St
-

- f k (§ ] Ik ER } = line t to plane

vector in S vector in St

- -
i
. V -- C , V , t Czvzt C3V3

where v , , vz are bases of CCAT) and vz is basis of NCA)



V -- c , (4) tuff ) -151! ) -

- f? ]

tie:c.tt:3
④

Projection of v onto line ( left null space)

Let P lie on St

P=a÷a . a = C- ' o '

If} )
c-ion
Itt- III ]

P -- [I )
i
. orthogonal component in s = v - P

u - p
-

- III - LEI -

- I:]
.

'

. V= (0,2 ,
O ) t C -2 , 0,2 )



020 . Project b = Cl , 0 , O) onto the lines

Ci ) a ,
-
- C- I

,2,2)
(ii) Az = (2,2 ,

- t )

(iii) Az = ( 2 ,-1,2)

Add the three points of projections and explain what the
sum is and why it is.

in " :÷"
"" t'd

dis p
,
= aatb - a = C 2 2 - I ]

( too )
cu - is

' II ) -

- ya

is Ps -- aatba - a = C 2 - I 2)

fly )
ca - i gift]

-

- 44¥)

PitreB -

- La⇐ '

III! ) -- Ia f ! ) -

- [ to ] -- b



Since a
, , a , and az are mutually orthogonal ,

Pit Pzt Pz = ( 1,0 , O ) = b

we bring the original vector back

Az
n

b

p n
-
- -s

, p
92

a
,

I
p> 9 ,

P
'

i r

93 i r

\
/
r

93
<

K
- -
- ! ! -

021 . V is a subspace of 125 spanned by a -- Cl , 2,3, -1,2 ) and

b-- (2,4 , 7,2 ,
- l) . Find a basis of the orthogonal comp.

Vt
.

Let s E Vt = Cv
,
w
,
n
, y , 2) . AST -- O

c : : : :

.is/;f..c:sA--fa
; ; I

"→ r . -Hoff 33, -4.3. ]
R ,→ R

,
- 3Rz



a- to ⑧ I
Let y

-

- Ki , 2
-

- kz Let V -- Kz

K -14g-52=0 Ut2V - 13k , -117k 2=0

N =
- 4k , -15 Kz U = -2kg -113k ,-17 Kz

init :÷÷÷:
"

'll
u't "t

Basis cvtt-ff.71.fi 's! ) - f! ) }
Dim ( Vt ) =3



022
. Project b -- Cl

, 2,27 onto the line through a -- L2
, -2,1) .

Check if e is perpendicular to a .

p -
- aa' - a

-

-
C '

-2g
"

(
'

z ) ft) .- ( § )
ab - e

-
: b t a

e = b - P = b
. 39

( e
,
a > = 2 - 4 t 2 = 0

923
. Project b -- Cl , 2,2) onto the line through a

-
- Cl
,
I
,
I ) .

Check if e t a

raffia -

-
c ' '

:'( I ]q, ] f ! ]
e-- b - p -

-

f !) - FEI} ) -- f:/! )
(e
,
a ) = -2Gt} ttz

-

- O .

'

. e t a



PROJECTIONS Ee LEAST SQUARES

Failure of Gaussian elimination with multiple equations
and one variable C b not in CCA))

Aix -
- b ,

92K = bz or An = b

Azn = b3

Solvable if a
,

'.az : Az = bi : bzi.bz

If system is inconsistent
,
choose value of x that minimises

average error E in the m equations .

Sum of squares = EZ
-

- ⇐ Cai K - bi )
'

If there is exact solution
,
E -- O . If not

, DEI -- O
DX

Solving for a

da = Em
,

2 Cain - bi> ai = 2€79 -in -

2.fi?aibi--oEIai2a--E?aibi
Ata (x) = at b



I = atb I = a-
'

p
ata

Least Squares with Multiple Variables

° Consider an inconsistent system of linear equations

Amxn Xnx ,
= bmx ,

° We look for best possible approximate solution .

° The vector b lies outside CCA) and we need to project it
onto CCA) to get the point p in CCA) closest to b

° The system is reduced to AI =p

From pages 49,50

ATA E -- Atb → normal equation

solve for I (estimate)

° The equation AT Asi -- Atb is called the normal equation



024 . Find HEH
'
-
- HAN -bll

'
and set to zero its derivatives Wrt

the unknowns u and V
. Compare the resulting equation with

the normal equation

AT .AI = AT - b

is find the solution I and the projection p
-

- AI

Lii ) why is p
-

- b ?

" ft ! )
"M b -

-

f ;)
using least squares method

HEH
'
= H Aa -BIP

m -b -

-

fo
,

HI
-

Gl
Aa -b -

-

( YUI}
- y)

"E"
'
-

-

µ I;I, µ
'
-

- Lu-n' tu-33't Cutie - u)
'



Derivative wrt u

c) HEIR
-

= 2 (u - I) t 2(utv - 4) = O

ou

U -11 t Utv- 4 = 0

Trutv -3=0

2utV =3 → t)

Derivative Wrt v

dllt = 2h-3) t 2 (Utv-43=0
dv

V- 3 t Utv -4=0

2 v tu
-7=0

2VtU=7 → (2)

Using geometry

ATA I = AT b

too. ill
.

Can -1 : : :3



c. 'allyl -- Cs;]

2utV= 5 and ut2v=7

i. the equations are the same

is solution I

12
,
LICYI -

- Is;]

a -- [ 2, I :3 ]
R" " - ""

i. ( 34 ,
"

: a ,:]

fer
-
- 9¥ ⇒ v -- 3

2h -13=5 =3 U -- l

solution : I -- f} ]



in Projection p
= Añ =

[ § ? ][
'

z ]

F- ( § ]
-
- b

p=b ⇒ b is in column space of A

025 . Let A :[ 3 I - I ] .
Let V= NCA ) . Find

d) A basis for V
,
basis for v1

di> Projection matrix P
, onto v1

iii> Projection matrix Pz onto V

✓ = NCA) = solution to An = 0 Where 2=01
, y,z)

3x+y-2=0 [ 3 I - I ]

(Yg ) =

Co]

x -

-2¥

Nca>=/ 1%13 ] }I
v. NCA)= {YH] -12 [Y] lyiz ER }



d) Basis for ✓ =

{ [ , [
Basis for V1 = basis for row space

--11111
Lii) P

,
onto V1

P= A (ATA)
-1 AT

P
,
= V1 (a)Tvt )

-1
@ 1)

T

" =L ? ] ([31-1]/11)
"
[31-1]

=

µ
,
] (
[ 11 ]

"

) [ 3 I - I ]

=

(f) (E)
"7¥ ' ' - ' 7×3



=

(f) (F)
[ 3 i - i ]

a--

¥19, 3 ? ]
-3 - l l

Ciii) Pz onto V

r.fi:*
Pz = V (VTV)

-1 VT

=p" 'y( ftp.t :] /
""*

"

1¥ : :]
69 :p

=fYsY] [1019-119]+[1%109]to 9
-1191019

¥1 :]



=/""B) (F) [
'"" "9) [1%69]1/9 1019

? 2×2 2×3

=

9-[-431/3] [
"127 10/9 49 ]-11/27 49 10/9

69

-43 ' 13

]
-

-9T 21 10/9 49
-11/27 1/9 1019

026
.
Find projection of b onto the (CA)

A-

( it , ]
"

[
'

;]-2 4

Split b into ptq such that p is in CCA) and

q is t to that space . Which of the four

subspaces contains q ?

Column space

A= / I d)
Ri'm -

rift
I

7 0 -2]
-2 4 Rz→Rzt2R , 0 6

Rz→Rzt3Rz



u -

- l
'

: I
am -

- tf! It yf ! ) )
Projection p

(AT A) I = AT b

lit
-

ill! BI -

- lit -

ill ;)

Hs Till;]
-

- fi 's III;]
Es

-

i. Kid -

- CI'd

Les is :
""""Ry ; ÷ :

22y = 37 6N - 1%8 =
- II

y
-

-

Zz a
-

- of,



a- I :b:3 )

P -- Ai
-

-

fi
,.li/l:hYzdp--fg9/22-37/22
122 t

- 37/22
- 9/111-74/11

/

p -- fi:¥!;)

a. b- p
-

-

f 's?:#Iii )

at:#
"

id
q is in null space of AT


